A methodology to model slip lines as strong displacement discontinuities within a continuum mechanics context is presented. The loss of hyperbolicity of the IBVP is used as the criterion for switching from a classical continuum description of the constitutive behavior to a traction-separation model acting at the discontinuity surface. A version of the element free Galerkin (EFG) method is employed where the slip line is represented as a set of slipped particles. The representation of the slip line as set of cohesive segments promises to remove difficulties in the propagation of the slip line. Two dimensional examples are studied using the Drucker-Prager material model.
INTRODUCTION
A slip line can be described as a narrow region in a solid undergoing intense shearing. Slip lines are material instabilities whose kinematical description is similar to mode II fracture. We will exploit this similarity in our approach.
One of the first approaches that treated cracks and slip lines as discontinuity in the displacement field are embedded discontinuity models (Belytschko et al. [7] , Armero and Garikipati [4] , Oliver et al. [21] ). In these models, generally no representation of the slip line is necessary. However, it is well known that without enforcing crack path continuity, the numerically computed results show a mesh bias. Hence, a globally continuous slip plane would have to be used resulting in the necessity of a representation of the set of discontinuous displacements.
finite elements, we use a meshfree method, sometimes also called particle method.
We would like to mention that our intention is not to develop models to exactly predict slip lines in geological materials but to show the applicability of our method. Hence, we have chosen a rather simple constitutive model (Drucker-Prager) though more complex models can be used.
The paper is organized as follows. First, the use of the local hyperbolicity of the momentum equation as a criterion of material stability is motivated. Then, the problem of a solid with a dissipative interface is formulated. The constitutive equations for the bulk material and the dissipative interface are also discussed. We end the paper with three examples that show the ability of the method to capture slip lines in geological materials.
SLIP LINE ONSET
A shear band in a rate-independent material results from a material instability. A classical definition of material stability is based on the so-called Legendre-Hadamard condition, which establishes that for any non zero vectors n and h the following point-wise inequality must hold:
where A is the constitutive tangent operator. For a linear comparison solid, if non-propagating singular surfaces do not occur, the Legendre-Hadamard condition is identical to the strongellipticity condition, used e.g. in Simo et al. [30] . In case, eq. (1) is no longer fullfilled, the material looses stability and n defines the direction of propagation, and h is the polarization of the wave. This condition ensures that the speed of propagating waves in a solid remains real. Equality in expression (1) is the necessary condition for stationary waves. Belytschko et al. [9] give a textbook description for obtaining condition (1) by means of a stability analysis of the momentum equation when a perturbation of the form u = h exp(iωt + kn · x) is applied. The Legendre-Hadamard condition is ocasionally called strong ellipticity of the constitutive relation (see Marsden and Hughes [18] ). In the dynamical case, the Legendre-Hadamard condition implies the hyperbolicity of the IBVP. The reader is referred to Silhavy [29] for details about the concepts mentioned above. Based on expression in (1), let us define for a given material point of a solid at a given time,
where Q is the acoustic tensor with components Q ik = n j n l A ijkl . We say that a material point is stable whenever the minimum eigenvalue of Q is strictly positive, and unstable otherwise. One difficulty is that the analysis of the acoustic tensor generally will give us two directions n from which one direction has to be chosen. We choose the direction of the maximum displacement gradient by maximizing
where the normals n l correspond to minima of Q, eq. (2). h is the corresponding eigenvector of Q. Figure 1 . Computation of the discontinuous deformation gradient in the crack surface
POST-LOCALIZATION BEHAVIOR
Once the material loses stability, the use of standard governing equations leads to ill-posedness of the IBVP. Several remedies to this problem have been proposed. One of them is to include some dissipative mechanism. The dissipative mechanism replaces the continuum dissipation mechanism in the localized areas. It is possible to have dissipation and maintain hyperbolicity, e.g. if strain hardening occurs and an associated model is employed. Within the context of nonlinear fracture mechanics, these dissipative mechanisms have been introduced by means of the so-called cohesive surfaces (Dugdale [14] , Barenblatt [5] ). We adopt a similar methodology here for modelling slip lines, which takes into account the particularities of their kinematical behavior.
IBVP with an dissipative interface
Consider a solid Ω with material points X. Its boundary Γ is partitioned into three subsets, Γ t , Γ u and Γ c , upon which tractions, displacements and cohesive forces are applied, see figure 1.
We will consider for a given time t the space S t of suitably smooth functions, i.e. C 0 functions. The set of points having jump discontinuities (the singular set) will be determined by loss of hyperbolicity of the acoustic tensor. Let us also define the corresponding space of test functions as
SUCH THAT, for all δu ∈ V t ,
where ρ is the mass density,ü is the acceleration, b are the body forces, t is the applied traction, t c is the cohesive traction that acts across the slip line and P is the nominal stress; ∇ 0 denotes spatial derivatives with respect to material coordinates. We will also use the updated Lagrangian description where convenient.
Constitutive model
3.2.1. Continuum model We assume that the constitutive behavior in Ω \ Γ c is governed by a continuum constitutive model, whereas the material description on Γ c will be ruled by a traction-separation model (often called a cohesive law).
For the continuum model, a Drucker-Prager plasticity model with an isotropic hardening/softening law is considered.
The incremental form of the constitutive model is given by
where d and d p is the total strain increment and plastic strain increment, respectively, C is the tangent stiffness and dσ is the stress increment. For an associated flow rule (the dilation angle is equal to the friction angle), the plastic strain increment is obtained by
with dλ = 0 ∀ f < 0 or f = 0 and df < 0
where λ is the plastic multiplier. A general form of a yield surface with isotropic hardening has the form
and the consistency condition has the following format:
The Drucker-Prager yield surface is
where I 1 is the first invariant of the stress tensor and J 2 is the second invariant of the deviatoric stress tensor. For more details, see e.g. Chen and Han [13] . We would like to mention that in extended versions of the Drucker-Prager model a nonassociated flow rule is often used and the dilation angle is usually smaller than the friction angle. If the dilation angle is zero, the inelastic deformations become incompressible.
Interface model
The linear cohesive model has the form:
T is the cohesive traction in the shear plane. The constant c can in general be chosen arbitrarily. We have also used exponential cohesive models of the form:
where a is constant that is negative and t i is the initial traction at time of failure. Let e T denote vector fields on Γ c orthogonal to n. Then, the jump in the velocity [[u] ] T is easily obtained by
4. DISCRETIZATION 4.1. The EFG method for slip lines 4.1.1. Approximation of the displacement field The approximation of the displacement field is given by:
where X is the material coordinate, u I are the particle displacements, t is the time, Φ I (X) are the shape functions, N is the total set of nodes in the model and N c the set of sheared nodes. Standard EFG shape functions are used that are computed by
Hereby, p are the base polynomials, W is the weighting or kernel function, and h is the size of the domain of influence, that is chosen to be 3 times the distance between the particles. The base polynomials are chosen to be p = (1, X, Y ). For more details, see e.g. Belytschko et al. [8] , Belytschko and Lu [10] , Belytschko et al. [11] , Rabczuk et al. [26] .
To model the discontinuous part of the displacement, the displacement field is enriched with sign functions which are parameterized by q. Only sheared nodes are enriched. e T (X) is the unit vector that spans the plane of the shear band, i.e. e T (X) is orthogonal to n. We have chosen the same shape functions Φ I for the continuous and discontinuous part of the displacements, but this is not mandatory. In contrast to Rabczuk and Belytschko [23, 25] , linear and higher order complete basis polynomials are chosen for the EFG shape functions. A more detailed description concerning EFG can be found e.g. in Belytschko and Lu [10] , Belytschko et al. [11] . The sign function S(ξ) is defined as: 
where n 0 is the normal to the crack in the initial configuration. This approach was motivated by the extended finite element method (XFEM), Moes et al. [20] . The principle how to compute the discontinuous deformation gradient is shown in figure 1 . The slip line is modelled by a set of slipped particles as shown in figure 2.
The discrete momentum equation
Let us now define the approximation space for the displacement field as
and for the test functions as
After substituting the approximations of the test and trial functions into eq. (5) we obtain
where
where the spatial derivatives with respect to e T vanish since the discontinuity is piecewise constant. Note that if the crack is modeled continuous, no curvature of the shear band can be captured if this term is dropped.
The mass matrix is
with
The integrals are evaluated by a stress-point integration, see e.g Rabczuk and Belytschko [23] .
EXAMPLES

Sand under biaxial compression
Consider a sand specimen under biaxial loading condition. The dimensions of the problem are shown in figure 3 . The specimen is fixed at the right hand side and a slow displacement boundary condition is applied on the left hand side. The lateral confinement is 0.2 MPa. There exists a variety of experimental data of above described tests. Vardoulakis et al. [31] performed a series of different sand specimen, different in the sense that the sand was pre-consolidated or had different grain size, etc. Han and Drescher [17] give results for dry Ottawa sand. Numerical results are also available, see e.g. Anand and Gu [2] . A common slip line pattern in the above mentioned experiments is shown in figure 3 . The shear band slopes ranged from 52 to 65 degree against the vertical axis. Han and Drescher [17] was able to reproduce the load deflection curve and the slope of the shear band of 56 degree from their experiments very well. We will use this model to verify our method. However, our intention is to show the applicability of our method rather than the exact reproduction of the experiments since the Drucker-Prager model is not established for this kind of problem. We used two different refinements, 16000 and 4000 particles. The Young's modulus is 200, 000 M P a, Poisson ratio ν = 0.1 and density 0.002 g/mm 3 . Particles in the middle of the specimen are attributed a smaller density. An exponential decaying cohesive model was applied with a "fracture energy" of G f = 1500 J/m 2 . We tested different friction angles from 30 to 40 degree. We also tested the influence of associated and non associated flow rule where we only considered the extreme case of a dilation angle of 0 degree. As expected, by increasing the friction and dilation angle the slip line becomes steeper (the slip line angle becomes larger) though the results do not differ much (maximum of 9 degree). A typical slip line pattern for two particle discretizations is shown in figure 4a ,b. The slip line is sloped with an 56 degree angle against the vertical axis which lies in the experimental data from Han and Drescher [17] or Vardoulakis et al. [31] . The load deflection curve for this example is shown in figure 5 . The results are reproduced mesh independent.
Excavation problem
Consider the plain strain excavation problem as shown in figure 6 . A similar example was used by Regueiro and Borja [27] to demonstrate the power of the embedded element method. They used a non-associated Drucker-Prager model in the continuum region. The boundary conditions and the excavation steps are shown in figure 6 . Gravity load is applied. The soil is removed on the left hand side according to figure 6. This example shows the applicability of the method to large deformations. We made up the material parameters so that we obtained a nice landslide. One difficulty when modelling soil is the identification of material parameters. We used 10,000 and 40,000 particles for this simulation. The slip line and the corresponding effective plastic strain is shown in figure 7 . As can be seen, plastic deformation occur before a slip line develops. The results do not show discretization dependence.
2.5m 3m Figure 6 . Excavation problem
Inflation of a cavity in a thick-walled cylinder
Alsiny et al.
[1] performed experiments on sand filled thick-walled cylinders under external pressure. The test-setup is shown in figure 8 . The inner diameter of the cylinder is 30 mm and the outer diameter is 300 mm. They reported curved slip lines that cross the entire specimen. They used the same coarse Ottawa sand as in Han and Drescher [17] . Hence, the material parameters are the same as in section 5.1. The computational slip line pattern is shown in figure 9 . We are able to capture the experimental slip line pattern. This example shows also the ability of our method for multiple slip-lining with intersections.
CONCLUSIONS AND FUTURE WORK
We have presented a meshfree method for modelling slip lines with cohesive surfaces in meshfree methods. The slip line is modelled by a set of slipped particles at each of which a discontinuity jump in the tangential direction of the displacement is introduced. Loss of hyperbolicity was used as slip line initiation criterion. The introduction of cohesive surfaces removes the necessity of regularization techniques. For sake of simplicity, we used the Drucker-Prager model though more complicated constitutive models can be used. We have applied the method to several two-dimensional problems though the method can readily be used in three dimensions. We showed that experimental results can qualitatively be reproduced and that the results are mesh independent. For two problems, the performance of the method regarding the initiation and propagation of multiple slip lines including branching was shown. Branching occurs naturally. No special criteria have to be introduced to predict branching.
One difficulty occurs at slip line intersection. At slip line intersections, the propagating slip
e) f) Figure 7 . For the 40,000 particle discretization: a),c) slip line, b),d) effective plastic strain; for the 10,000 particle discretization: e) slip line, f) effective plastic strain 900 kPa
P 0 P 0 P 0 Figure 8 . Test-setup of the cavity inflation problem of a thick walled cylinder line tends to stop when it hits the intersection. Loss of hyperbolicity cannot be checked at the intersection points since the PDE already lost hyperbolicity. Therefore, the direction of the slip line of the slipped particles at the intersection points are rotated into the proper (=the direction of the crossing shear band) position to allow the slip line to propagate. In future, more sophisticated continuum models can be employed that allow better quantitative predictions. To obtain better accuracy around the slip line tip, adaptive methods can be used. Meshfree methods are ideally suited since h-adaptivity can easily be incorporated. This was already exploited for crack and shear band problems, [24, 25] and improved the accuracy of the method and decreased the computational cost as well. 
